Abstract. Traditionally, phase transitions are defined in the thermodynamic limit only. We discuss how phase transitions of first order (with phase separation and surface tension), continuous transitions and (multi)-critical points can be seen and classified for small systems. "Small" systems are systems where the linear dimension is of the characteristic range of the interaction between the particles; i.e. also astrophysical systems are "small" in this sense. Boltzmann defines the entropy as the logarithm of the area W (E, N) = e S(E,N) of the surface in the mechanical N-body phase space at total energy E. The topology of S(E, N) or more precisely, of the curvature determinant
Introduction
Nuclei, atomic clusters and astrophysical objects are not large compared to the range of their forces. Therefore, these systems are not extensive. (In the following we call systems "non-extensive" in a somewhat more general sense: If they are divided into pieces, their entropy is not the sum of the entropies of their parts in contrast to conventional extensive systems where this is assumed at least if the pieces are themselves macroscopic.) Although the largest systems possible belong to this group we call these systems "small". But also at phase transitions in systems with short range forces does the entropy of the surface separating the different phases not scale with the size of the system. Lateron we define systems to be "small" precisely by the condition that the entropy S(E, N, V ) does not scale with the number of particles or the volume and especially if S(E, N, V ) has some convex regions. a e-mail: gross@hmi.de Most applications of thermodynamics to "small" systems are more or less transcriptions from the thermodynamics of macroscopic systems, cf. the book by Hill [1] . Conventional thermo-statistics, however, relies heavily on the use of the thermodynamic limit (V →∞| N/V , or µ const. ) and extensivity, cf. e.g. the book of Pathria [2] . This is certainly not allowed for our systems. Extensivity is nowadays considered to be an essential condition for thermodynamics to work, cf. Lieb and Ygnvason [3] . That the micro-canonical statistics works well also for "small" systems without invoking extensivity will be demonstrated here for finite normal systems. The use of the thermodynamic limit and of extensivity, however, is closely intervowen with the development of thermodynamics and statistical mechanics since its beginning more than hundred years ago. When we extend thermodynamics to "small" systems we should establish the formalism of thermodynamics starting from mechanics in order to remain on a firm basis. This is an old program since Boltzmann and
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The European Physical Journal B Einstein [4, 5] . We will see how this idea guides us to more and deeper insight into the most dramatic phenomena of thermodynamics, phase transitions. Moreover, it gives the most natural extension of thermo-statistics to some non-extensive systems without invoking any modification of the entropy like that proposed by Tsallis [6] see also [7] .
In the following section we sketch a deduction of thermo-statistics from the principles of mechanics alone. Nothing outside of mechanics must be invoked. This was the starting point of Boltzmann [4] , Gibbs [8] , Einstein [9, 5] and the Ehrenfests [10, 11] at the beginning of this century. They all agreed on the logical hierarchy of the micro-canonical as the most fundamental ensemble from which the canonical, and grand-canonical ensembles can be deduced under certain conditions. According to Gibbs the latter two approximate the micro ensemble in the thermodynamic limit of infinitely many particles if the system is homogeneous. Then surface effects and fluctuations can be ignored relatively to the bulk mean values. This is the main reason why the thermodynamic limit became basic in the statistical foundation of macroscopic thermodynamics. However, it was Gibbs [12] who stressed that the equivalence of the three ensembles is not even true at phase transitions of first order, even in the thermodynamic limit.
This chapter repeats the familiar deduction of statistical mechanics as it was first formulated by Gibbs [8] . However, we will indicate at which point the main stream of logical steps towards a thermodynamics of "large" systems has to be left in order to cover also "small" and non-extensive systems.
Just a remark is neccessary here: one might think that a small system embedded in a heat bath may be described by the canonical or even the grand-canonical ensemble. A heat bath interacts with the system via its surface. For small systems these surface mechanisms are important. They affect the physical properties and must be specified. Certainly more must be controlled in such cases than just the mean energy (temperature) as is assumed in a canonical treatment. This would be only correct for an infinite system, with short range interactions, and if we wait an infinitely long time, then the details of the physical mechanisms in the surface contacting the system with the bath become unimportant relatively to the bulk.
The third section addresses phase transitions. First, the basics of the conventional definition of phase transitions in the thermodynamic limit (V →∞| N/V, or µ const. ) by the theory of Yang and Lee [13] are reminded. Then this definition is translated into the micro-canonical picture and the source of the non-analyticities of the canonical thermodynamic potentials is traced to the topology of the micro-canonical entropy function, esp. its curvature.
In the fourth section we explain the general features of the micro-canonical phase diagram as function of fixed energy density (e = E/V ) and particle number-(n = N/V )/magnetization-density, at first, with the well-known example of the Ising model and the (q = 1) diluted Potts model. It is shown how its phase space is limited by the line of random configurations which have the maximum possible entropy. Further the region of "field driven" phase separation into spontaneously magnetized clusters (first order transition) can be well-studied in the energy-magnetization or the energy-particle number phase diagram. (Remark: the distinction between "field driven" and "temperature driven" transition makes sense only for the Ising model. Due to its intrinsic symmetry M → −M the energy-axis is also the main curvature direction for M = 0. This is of course not the case for systems without this symmetry.) Then the diluted Potts model with q = 3 is introduced. It is sketched which features of its phase diagram are to be expected in the case of a "small" system.
Section 5 gives a short discussion of the main steps of the simulation and in Section 6 the numerical results are shown. We present the first view of the entire entropydensity surface s(e, n) as function of energy density (e) and particle number density (n) for the diluted (q = 3)-Potts model on a finite 2-dim lattice with "volume" 1 V = L 2 . More insight into the phase diagram of the model is given by an overall view of the determinant of the curvature density d (e, n) . Various kinds of phase transitions and critical lines can be seen and classified. A subsection is addressed to the essential differences between the micro-canonical and the grand-canonical phase diagram. The information lost by the latter representation is emphasized.
The following section discusses the validity of the second law of thermodynamics in non-extensive systems with a convex s(e, n). The consequences of convexity of the entropy for Weinhold's geometric interpretation of thermodynamics are discussed. It will be explained that a convexity of S(E, N ) is not in contradiction to the second law of thermodynamics.
Finally, our main conclusions on phase transitions in "small" non-extensive systems are summarized in Section 8.
On the mechanical background of thermo-statistics
An equilibrated many-body system is characterized by few macroscopic quantities: 1) its energy E, mass (number of atoms) N , volume V ; 2) its entropy S; 3) its temperature T , pressure P , and chemical potential µ.
There are important qualitative differences between these three groups: All variables of the first group have a clear mechanical significance. They are conserved and well defined at each point of the N -body phase space. The internal dynamics of the system cannot leave the shell in phase space which is defined by these variables. Also entropy as the most important quantity within thermodynamics has
